In this paper we present characterizations of sequentially Cohen-Macaulay modules in terms of systems of parameters, which are generalizations of well-known results on Cohen-Macaulay and generalized Cohen-Macaulay modules. The sequentially CohenMacaulayness of Stanley-Reisner rings of small embedding dimension are also examined.
Introduction
The concept of sequentially Cohen-Macaulay modules was introduced first by Stanley [12] for graded rings. Similarly one can give the definition of sequentially Cohen-Macaulay modules on local rings (see [5] ): Let M be a finitely generated module over a local ring R with d = dim M . th local cohomology module of M with respect to the maximal ideal m. It follows from the theory of generalized Cohen-Macaulay modules (see [13] ) that M is sequentially CohenMacaulay if and only if there exists a system of parameters x = (x 1 , . . . x d ) of M such that ℓ(M/xM ) = ℓ(D 0 ) + e(x; D 1 ). Therefore it raises to a natural question: Does there exist a characterization of sequentially Cohen-Macaulay modules in terms of systems of parameters which generalizes that characterizations of special cases as above?
The purpose of this paper is to give an answer for this question. To this end, we present in Section 2 the notions of filtration satisfying the dimension condition and of good system of parameters with respect to that filtration. Some basic properties of good systems of parameters are given in this section. The main results of this paper are stated and proved in Section 3. In the last section, we apply the main theorem to study the sequentially Cohen-Macaulayness of Stanley-Reisner rings of small embedding dimension.
Good systems of parameters
Throughout this paper, M is a finitely generated module over a local Noetherian commutative ring (R, m) with dim M = d. 
A good system of parameters with respect to the dimension filtration is simply called a good system of parameters of M . 
for any positive integers n 1 , . . . , n d . iv) A good system of parameters of M is also a good system of parameters with respect to any filtration satisfying the dimension condition.
The first result of this section is about the existence of good system of parameters.
Lemma 2.4. There always exists a good system of parameters of M .
By the Prime Avoidance Theorem there exists a system of parameters x = (x 1 , . . . ,
The following result is an immediate consequence of Lemma 2.4 and Remark 2.3, (ii).
There always exists a good system of parameters with respect to F .
M be a filtration of M satisfying the dimension condition with d i = dim M i and x = (x 1 , . . . , x d ) a good system of parameters with respect to F . It is clear that (x 1 , . . . , x di ) is a system of parameters of M i . Therefore the following difference is well defined
where e(x 1 , . . . , x di ; M i ) is the Serre multiplicity and we set e(x 1 , . . . ,
Lemma 2.6. Let F be a filtration of M satisfying the dimension condition and x = (x 1 , . . . , x d ) a good system of parameters with respect to F . Then
where 
e(x 1 , . . . , x di ; M i ).
and the lemma follows immediately by induction on d.
Lemma 2.6 leads to some consequences which are useful in the sequel.
Corollary 2.7. Let x = (x 1 , . . . , x d ) be a good system of parameters with respect to the filtration
Corollary 2.8. Let x = (x 1 , . . . , x d ) be a good system of parameters with respect to the filtration
Proof. By Lech's formula and Lemma 2.6 we have Proof. We only need to prove that the function
Applying Lech's formula we obtain
by Corollary 2.8.
Sequentially Cohen-Macaulay modules
The aim of this section is to give characterizations of sequentially Cohen-Macaulay modules in terms of systems of parameters.
Note that the notion of sequentially Cohen-Macaulay module was introduced first by Stanley [12] for graded case (see also Herzog-Sbara [8] ). In our study of sequentially Cohen-Macaulay modules, the notion of dd-sequences defined in [4] is used frequently. For convenience, we recall briefly the definition and some basic results of dd-sequences presented in [4] .
Firstly, we recall the definition of d-sequences due to Huneke in [9] . A sequence ( A dd-sequence has many nice properties, especially when x is a system of parameters we have the following characterization. 
for all positive integers n 1 , . . . , n d . In this case,
In general, it does not require a module to have a system of parameters which is a ddsequence. By virtue of Lemma 2.4, the following result proved in [4] shows that a sequentially Cohen-Macaulay module always admits a system of parameters which is a dd-sequence. In order to prove the main theorems we need some auxiliary results. 
and the first conclusion of the lemma is prove. To show the second conclusion of the lemma we note by the induction hypothesis that x ′ is a good system of parameters of M/x d M . Therefore x ′ is a good system of parameters with respect to the filtration
where
for all i = 0, 1, . . . , t − 1 and x is a good system of parameters of M . In particular, 0 :
Proof. For the case i = s, we need only to prove that 
The following result is a key lemma for the proof of our main results . 
Proof
We proceed the last conclusion by induction on d. The case d = 1 is trivial. Let d ≥ 2. Assume first that dim D 1 > 1. Then x 2 is a parameter element of D i for i = 1, . . . , t. For any positive integer n 2 we consider the following filtration
By Lemma 3.5, we have
2 D satisfies the dimension condition. Moreover, it can be proved similarly as Lemma 2.6 that 
by the induction hypothesis; so x n2 2 M :
Applying Lemma 3.5 and the Krull Intersection Theorem, we get 
On the other hand, it implies by Lech's formula and the condition I D,M (x(n)) = 0 that
Since the left term of the equality above is independent of n 2 and the right term is increasing in n 2 , we deduce that e(x 2 ; (0 :
Keep in mind that D 1 = 0 : M x 2 and the sequence x is a d-sequence. We obtain by Lemma 3.6,
Applying again the Krull Intersection Theorem we get
By Lemma 3.6, we have
Hence there is a short exact sequence
So that the sequence (x 1 , . . . , x d ) is satisfied the hypothesis of the lemma with respect to the module
We go now to the first characterization of sequentially Cohen-Macaulay modules by ddsequence and the vanishing of function I D,M (x). 
. Since x is a dd-sequence, by Lemma 3.3 and the hypothesis we have
Thus 
We have
Hence, the filtration D/x 1 D satisfies the dimension condition. On the other hand, since
Thus M/x 1 M is sequentially Cohen-Macaulay by the induction hypothesis. It follows that
The next theorem is a characterization of sequentially Cohen-Macaulay modules in terms of good systems of parameters. 
for all n 1 , . . . , n d ∈ {1, 2}. Since the right term of the last equality is independent of n d , it follows that 
is independent of n d . Therefore I F ,M (x(n)) = 0 for all n 1 , . . . , n d−1 ∈ {1, 2} and all n d ≥ 1. Next, we prove the statement by induction on the dimension of M . The case d = 1 is done by the proof above. Assume d > 1. For an arbitrary positive integer n d we denote
Then there exists a system of parameters x = (x 1 , . . . ,
Since M is not Cohen-Macaulay, e(x 1 , . . . ,
, it is easy to prove that x is a good system of parameters with respect to the filtration F . Moreover, we have I F ,M (x 
Remark 3.12. A filtration satisfying the dimension condition
Then it was showed in [5] that if M admits a Cohen-Macaulay filtration F , M is a sequentially Cohen-Macaulay module and F is just the dimension filtration of M . Here we want to clarify that there exists filtration satisfying the equivalent conditions of Theorem 3.9 which is not the dimension filtration of M . Let M be a sequentially Cohen-Macaulay module of positive depth and
Then it is not difficult to check that the following filtration 
it is easy to see that (x + y + z + w, w) is a good system of parameters of M . Moreover, by a simple computation we have
Thus though I D,M (x + y + z + w, w) = 0, M is not a sequentially Cohen-Macaulay module by Theorem 3.9, (iii).
] be the ring of formal power series over a field k and P = (x, w)∩(y, z),
2 , it is easy to see that (z + w, x + y) is a good system of parameters of M . Then it is easy to check that I D,M ((z + w) n1 , (x + y) n2 ) = 0 if n 2 = 1 1 if n 2 ≥ 2.
So though I D,M (z + w, x+ y) = 0, M is not a sequentially Cohen-Macaulay module by Theorem 3.9, (iii).
Stanley-Reisner rings
A simplicial complex ∆ over n vertices {v 1 , . . . , v n } is a collection of subsets of the set {v 1 , . . . , v n } such that, i) ∅ ∈ ∆. ii) For all element F ∈ ∆ and all subsets F ′ ⊆ F , F ′ ∈ ∆. Each element F ∈ ∆ is called a face of ∆. Among the faces of ∆, the face F with the property that if F ⊆ F ′ and F ′ ∈ ∆ then F = F ′ is called a facet of ∆. So a simplicial complex is defined completely if all its facets are given. For a set of n vertices {v 1 , . . . , v n } we consider the polynomial ring R = k[X 1 , . . . , X n ] over a field k. Then ∆ corresponds to an ideal I ∆ of R defined by a set of generators {X i1 . . . X is : {v i1 , . . . , v is } / ∈ ∆}. The Stanley-Reisner ring of ∆ over k is defined by k[∆] = R/I ∆ . For each face F of ∆ we define dim F = dim R/I F − 1 and the corresponding ideal I F is a prime ideal generated by X i 's. It is well-known that I ∆ is a radical ideal and I ∆ = F I F , where F runs through over all the facets of ∆. Therefore, the dimension filtration
For more details on Stanley-Reisner rings, the readers can find in books of Bruns-Herzog [2] and Stanley [12] .
Denote by λ i the number of the facets of dimension d i − 1 of the simplicial complex ∆. We derive from Theorem 3.4 the following criterion, which is very convenient for checking whether k[∆] is a sequentially Cohen-Macaulay ring. Proof. Let x be a homogeneous good system of parameters of M . Then the proposition follows from Theorem 3.9 if we can show that e(x 1 , . . . , x di ; D i ) = λ i deg(x 1 ) . . . deg(x di ).
In fact, since dim R/(∩ dim F +1≥di+1 I F + ∩ dim F <di I F ) < d i , and
we obtain e(x 1 , . . . , x di ; D i ) = e(x 1 , . . . , x di ; R/ ∩ dim F <di I F ).
